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Abstract 

Consistent interactions that can be added to a free, Abelian gauge 
theory comprising a finite cohection of BF models and a finite set 
of two-form gauge fields (with the Lagrangian action written in first- 
order form as a sum of Abelian Preedman-Townsend models) are con- 
structed from the deformation of the solution to the master equation 
based on specific cohomological techniques. Under the hypotheses of 
smoothness in the coupling constant, locality, Lorentz covariance, and 
Poincare invariance of the interactions, supplemented with the require- 
ment on the preservation of the number of derivatives on each field 
with respect to the free theory, we obtain that the deformation proce- 
dure modifies the Lagrangian action, the gauge transformations as well 
as the accompanying algebra. The interacting Lagrangian action con- 
tains a generalized version of non- Abelian Preedman-Townsend model. 
The consistency of interactions to all orders in the coupling constant 
unfolds certain equations, which are shown to have solutions. 

PACS number: ILlO.Ef 

1 Introduction 

The power of the BRST formalism was strongly increased by its cohomo- 
logical development, which allowed, among others, a useful investigation of 
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many interesting aspects related to the perturbative renormalization prob- 
lem [H [21 El in [S] ) anomaly-tracking mechanism El El El 13 [ID] , simultaneous 
study of local and rigid invariances of a given theory [11] as well as to the 
reformulation of the construction of consistent interactions in gauge theo- 
ries im |13l [m [151 US] in terms of the deformation theory [T71 UHl US] or, 
actually, in terms of the deformation of the solution to the master equa- 
tion [2ni[2i]. 

The scope of this paper is to investigate the consistent interactions that 
can be added to a free, Abelian gauge theory consisting of a finite collection 
of BF models and a finite set of two-form gauge fields (described by a sum of 
Abelian Freedman-Townsend actions). Each BF model from the collection 
comprises a scalar field, a two-form and two sorts of one-forms. We work 
under the hypotheses that the interactions are smooth in the coupling con- 
stant, local, Lorentz covariant, and Poincare invariant, supplemented with 
the requirement on the preservation of the number of derivatives on each 
field with respect to the free theory. Under these hypotheses, we obtain the 
most general form of the theory that describes the cross- coup lings between 
a collection of BF models and a set of two-form gauge fields. The resulting 
interacting model is accurately formulated in terms of a gauge theory with 
gauge transformations that close according to an open algebra (the commuta- 
tors among the deformed gauge transformations only close on the stationary 
surface of deformed field equations). 

Topological BF models [22] are important in view of the fact that cer- 
tain interacting, non-Abelian versions are related to a Poisson structure alge- 
bra [23] present in various versions of Poisson sigma models [2H [25l [26l [271 [28t 
[29l [30] , which are known to be useful at the study of two-dimensional grav- 
ity [SD [321 [SSI El [SSI [SSI [SZl [3S1 [SSI [10] (for a detailed approach, see |41j ) . It 
is well known that pure three-dimensional gravity is just a BF theory. More- 
over, in higher dimensions general relativity and supergravity in Ashtekar 
formalism may also be formulated as topological BF theories with some extra 
constraints [121 [131 [SI [IS] . Due to these results, it is important to know the 
self-interactions in BF theories as well as the couplings between BF models 
and other theories. This problem has been considered in literature in relation 
with self- interactions in various classes of BF models [ ^[m[i8l[S9l[50l[511 [52] 
and couplings to matter fields [S3] and vector fields [SH [SS] by using the 
powerful BRST cohomological reformulation of the problem of constructing 
consistent interactions. Other aspects concerning interacting, topological BF 
models can be found in [SSI [SZl [SS]- On the other hand, models with p-form 
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gauge fields play an important role in string and superstring theory as well 
as in supergravity. Based on these considerations, the study of interactions 
between BF models and two-forms appears as a topic that might enlighten 
certain aspects in both gravity and supergravity theories. 

Our strategy goes as follows. Initially, we determine in Section [2] the 
antifield-BRST symmetry of the free model, which splits as the sum between 
the Koszul-Tate differential and the exterior derivative along the gauge or- 
bits, 5 = 5 + 7. Then, in Section [3] we briefly present the reformulation of 
the problem of constructing consistent interactions in gauge field theories in 
terms of the deformation of the solution to the master equation. Next, in 
Section H] we determine the consistent deformations of the solution to the 
master equation for the model under consideration. The first-order defor- 
mation belongs to the local cohomology H^{s\d), where d is the exterior 
spacetime derivative. The computation of the cohomological space H^{s\d) 
proceeds by expanding the co-cycles according to the antighost number and 
further using the cohomological groups ^^(7) and H{6\d). We find that the 
first-order deformation is parameterized by 11 types of smooth functions of 
the undifferentiated scalar fields, which become restricted to fulfill 19 kinds 
of equations in order to produce a deformation that is consistent to all or- 
ders in the coupling constant. With the help of these equations we show that 
the remaining deformations, of orders 2 and higher, can be taken to vanish. 
The identification of the interacting model is developed in Section O All the 
interaction vertices are derivative-free. Among the cross-couplings between 
the collection of BF models and the set of two-form gauge fields we find a 
generalized version of non-Abelian Freedman-Townsend vertex. (By 'gen- 
eralized' we mean that its form is identical with the standard non-Abelian 
Freedman-Townsend vertex up to the point that the structure constants of 
a Lie algebra are replaced here with some functions depending on the un- 
differentiated scalar fields from the BF sector.) Meanwhile, both the gauge 
transformations corresponding to the coupled model and their algebra are de- 
formed with respect to the initial Abelian theory in such a way that the new 
gauge algebra becomes open and the reducibility relations only close on-shell 
(on the stationary surface of deformed field equations). It is interesting to 
mention that by contrast to the standard non-Abelian Freedman-Townsend 
model, where the auxiliary vector fields are gauge-invariant, here these fields 
gain nonvanishing gauge transformations, proportional with some BF gauge 
parameters. In the end of Section [5] we comment on several classes of solu- 
tions to the equations satisfied by the various functions of the scalar fields 
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that parameterize the deformed solution to the master equation. Section 
closes the paper with the main conclusions. The present paper also contains 
4 appendices, in which various notations used in the main body of the paper 
as well as some formulas concerning the gauge structure of the interacting 
model are listed. 

2 Free model: Lagrangian formulation and 
BRST symmetry 

The starting point is given by a free theory in four spacetime dimensions 
that describes a finite collection of BF models and a finite set of two-form 
gauge fields, with the Lagrangian action 

5oK, h;, ^„ i?r, v^] = j d'x {H;d^^^ + Ib^^s^^ai^ 

HvrF^^ + i^/Vx) • (2-1) 

Each of the BF models from the collection (to be indexed by lower case let- 
ters a, b, etc.) comprises a scalar field ipa, two kinds of one-forms and H^, 
and a two- form Bj^'^. The action for the set of Abelian two- forms decomposes 
as a sum of individual two-form actions, indexed via capital Latin letters {A, 
B, etc.). Each two-form action is written in first-order form as an Abelian 
Freedman-Townsend action, in terms of a two-form V^" and of an auxiliary 
vector V^, with the Abelian field strength = d^^V^. The collection in- 
dices from the two-form sector are lowered with the (non-degenerate) metric 
kAB induced by the Lagrangian density | (V^'^-^^ + from (12. ip (i.e. 

F^^ = kAsF^^'^) and are raised with its inverse, of elements k"^^ . Of course, 
we consider the general situation, where the two types of collection indexes 
run independently one from each other. Everywhere in this paper the nota- 
tion [/i . . . z/] signifies complete antisymmetry with respect to the (Lorentz) 
indices between brackets, with the conventions that the minimum number of 
terms is always used and the result is never divided by the number of terms. 
Action (12. ip is found invariant under the gauge transformations 

M^ = 9^e^ 5,H; = -2d''el^, ^.y., = 0, (2.2) 
5,i?r = -35,6r, 5A^^. = e,.,xd'e^\ = 0, (2.3) 
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where all the gauge parameters are bosonic, with e^^, and e^'' completely 
antisymmetric. It is easy to see that the above gauge transformations are 
Abelian and off-shell (everywhere in the space of field histories, not only on 
the stationary surface of field equations for (12. ip ). second-order reducible. 
Indeed, related to the first-order reducibility, we observe that if we make the 
transformations e^X^) = Sd^Ol^^, e^^^id) = -4:8x9^'"'^, e^^(^) = 8^6^, 
with ^s arbitrary, bosonic functions, completely antisymmetric (where appli- 
cable) in their Lorentz indices, then the corresponding gauge transformations 
identically vanish, 6e{e)H^ = 0, 6e{e)Bj^'^ = 0, 5e(e)V^ = 0. The last two trans- 
formation laws of the gauge parameters can be further annihilated by trivial 
transformations only: e^a^{^) = if and only if Q^^^'p = and e^^{6) = if 
and only if 9^ = 0, so there is no higher-order reducibility associated with 
them. By contrast, the first one can be made to vanish strongly via the 
transformation 9l^j^{uj) = —Ad'^co^^^^j^, with uj^Xfiu arbitrary, completely 
antisymmetric, bosonic function (which indeed produces e^^,(^ (a;)) = 0), but 
there is no nontrivial transformation of uj'^x^iu such that 9^^^ becomes zero. 
Thus, the reducibility of fl2.2p - fl2.3l) stops at order 2 and holds off-shell. 

In order to construct the BRST symmetry of this free theory, we introduce 
the field/ghost and antifield spectra 

= {A^ H^^, cpa, Sr, V;t , (2.4) 
= {AT, H*/, y,-, B;1 , (2.5) 

v''' = {v'',C;^,Vr,C^), (2.6) 

= (c;.p, vr\ c^) , v:, = {cr^, v;:,x, q) , (2.8) 
^"^ = (c.%a), v:, = {cr'''). (2.9) 

The fermionic ghosts 77"^ respectively correspond to the bosonic gauge param- 
eters = (e", e°^, e^'^'', e^), the bosonic ghosts for ghosts 77"^ are due to the 
first-order reducibility relations (the ^-parameters from the previous trans- 
formations), while the fermionic ghosts for ghosts for ghosts r]"^ are required 
by the second-order reducibility relations (the tu-function from the above). 
The star variables represent the antifields of the corresponding fields/ghosts. 
(Their Grassmann parities are respectively opposite to those of the associ- 
ated fields/ghosts, in agreement with the general rules of the antifield-BRST 
method.) 

Since both the gauge generators and the reducibility functions are field- 
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independent, it follows that the BRST differential reduces to 

s = (5 + 7, (2.10) 

where 6 is the Koszul-Tate differential and 7 denotes the exterior longi- 
tudinal derivative. The Koszul-Tate differential is graded in terms of the 
antighost number (agh, agh (5) = — 1) and enforces a resolution of the alge- 
bra of smooth functions defined on the stationary surface of field equations 
for action fl2.ip . (S), S : 6Sq/6^°'° = 0. The exterior longitudinal deriva- 
tive is graded in terms of the pure ghost number (pgh, pgh (7) = 1) and 
is correlated with the original gauge symmetry via its cohomology at pure 
ghost number computed in (S), which is isomorphic to the algebra of 
physical observables for the free theory. These two degrees do not interfere 
(agh (7) = 0, pgh (5) = 0). The pure ghost number and antighost number of 
BRST generators fl2.4l) - fl2.9l) are valued as follows: 



pgh ($"«) = 0, pgh (r^"^) = 1, pgh (r/"^) = 2, pgh (r^'^^) = 3, 

Pgli (Ko) = pgh {v*ai) = pgh fe) = pgh {v*a,) = 0, 
agh ($°o) = agh (r^^^) = agh (r^^^) ^ ^gh (r^^^) = 0, 

agh iKo) = 1' agh (r^^J = 2, agh (r^^J = 3, agh (r/^^) = 4, 
where the actions of 6 and 7 on them read as 

= = St]"' = (5r/"« = 0, 

iKo = 7^ai = 7C = 7<3 = 0, 

7A^ = a,r^", ^H; = 2d''C;,^, 7Sa"^ = -39pr^r , 
7^a = = 7^/, lV^u=epupxd''C^\ iv^ = 0, 



2.11) 
2.12) 
2.13) 
2.14) 

2.15) 
2.16) 
2.17) 
2.18) 
2.19) 
2.20) 
2.21) 
2.22) 
2.23) 
2.24) 
2.25) 



ici^p = ^d^ci^px. 7vr' = iC^ = o, ic;^px = o- 

The overall degree of the BRST complex is named ghost number (gh) and 
is defined like the difference between the pure ghost number and the antighost 
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number, such that gh (S) = gh (7) = gh (s) = 1. The BRST symmetry 
admits a canonical action s- = (■,5') in an antibracket structure (,), where 
its canonical generator is a bosonic functional of ghost number {e (S*) = 0, 
gh (5) = 0) that satisfies the classical master equation (S', S) = 0. In the 
case of the free theory under discussion, the solution to the master equation 
takes the form 

S = So + jd'x {ATd.v' + 2HTd''C% - 3B;:d,iir 

+C;^d^CA + ^Cr'd'C;,^,) (2.26) 
and contains pieces of antighost number ranging from to 3. 



3 Deformation of the solution to the master 
equation: a brief review 

We begin with a "free" gauge theory, described by a Lagrangian action 
5*0 1^°'°], invariant under some gauge transformations 5^$°° = Z°'°_^e°'^, i.e. 

^^■"0 = 0, and consider the problem of constructing consistent interac- 



tions among the fields such that the couplings preserve both the field 
spectrum and the original number of gauge symmetries. This matter is ad- 
dressed by means of reformulating the problem of constructing consistent 
interactions as a deformation problem of the solution to the master equation 
corresponding to the "free" theory [20l [2T] . Such a reformulation is possible 
due to the fact that the solution to the master equation contains all the infor- 
mation on the gauge structure of the theory. If an interacting gauge theory 
can be consistently constructed, then the solution 5^ to the master equation 
[S, S) = associated with the "free" theory can be deformed into a solution 
S 

S = S + \Si + \^S2 + --- = S + \ j d^xa + \^ j d^xb + --- (3.1) 

of the master equation for the deformed theory 

{S,S) = 0, (3.2) 
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such that both the ghost and antifield spectra of the initial theory are pre- 
served. Equation (13.21) sphts, according to the various orders in the couphng 
constant (deformation parameter) A, into a tower of equations: 



{S,S) 

2{S2,S) + iSuS,) 
{Ss,S) + {SuS2) 



















(3.3) 
(3.4) 
(3.5) 
(3.6) 



Equation (13. 3p is fulfilled by hypothesis. The next equation requires that 
the first-order deformation of the solution to the master equation, S*!, is a co- 
cycle of the "free" BRST differential, sSi = 0. However, only cohomologically 
nontrivial solutions to (13.41) should be taken into account, as the BRST-exact 
ones can be eliminated by some (in general nonlinear) field redefinitions. 
This means that Si pertains to the ghost number cohomological space of s, 

(s), which is generically nonempty because it is isomorphic to the space of 
physical observables of the "free" theory. It has been shown (by the triviality 
of the antibracket map in the cohomology of the BRST differential) that there 
are no obstructions in finding solutions to the remaining equations, namely 
(13.51) . (13. 6p . etc. However, the resulting interactions may be nonlocal, and 
obstructions might even appear if one insists on their locality. The analysis 
of these obstructions can be carried out by means of standard cohomological 
techniques. 

4 Consistent interactions between a collec- 
tion of topological BF models and a set of 
Abelian two-forms 

This section is devoted to the investigation of consistent interactions that 
can be introduced between a collection of topological BF models and a set of 
Abelian two-forms in four spacetime dimensions. This matter is addressed in 
the context of the antifield-BRST deformation procedure briefly addressed 
in the above and relies on computing the solutions to equations (I3.4p - (l3.6p . 
etc., with the help of the free BRST cohomology. 
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4.1 Standard material: basic cohomologies 



For obvious reasons, we consider only smooth, local, Lorentz covariant, and 
Poincare invariant deformations (i.e., we do not allow explicit dependence 
on the spacetime coordinates). Moreover, we require the preservation of the 
number of derivatives on each field with respect to the free theory (derivative- 
order assumption). The smoothness of the deformations refers to the fact 
that the deformed solution to the master equation, (13. ip . is smooth in the 
coupling constant A and reduces to the original solution, (12.261) . in the free 
limit (A = 0). The preservation of the number of derivatives on each field 
with respect to the free theory means here that the following two require- 
ments must be simultaneously satisfied: (i) the derivative order of the equa- 
tions of motion on each field is the same for the free and for the interacting 
theory, respectively; (ii) the maximum number of derivatives allowed within 
the interaction vertices is equal to 2, i.e. the maximum number of deriva- 
tives from the free Lagrangian. If we make the notation Si = J d'^x a, with 
a a local function, then equation (13.41) . which we have seen that controls the 
first-order deformation, takes the local form 



for some local m^. It shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of s in ghost number 
0, a G H^{s\d), where d denotes the exterior spacetime differential. The 
solution to (14. ip is unique up to s-exact pieces plus divergences 

a^a + sb + gh (6) = -1, e (6) = 1, gh {n>') = 0, e (n^) = 0. (4.2) 

At the same time, if the general solution to (14.10 is found to be completely 
trivial, a = sb + d^n'^, then it can be made to vanish a = 0. 

In order to analyze equation (14. ip we develop a according to the antighost 
number 



and assume, without loss of generality, that the above decomposition stops at 
some finite value of I. This can be shown, for instance, like in [59] (Section 3), 
under the sole assumption that the interacting Lagrangian at the first order 



sa = d^m^, gh (a) = 0, e (a) = 0, 



(4.1) 




(4.3) 



i=0 
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in the couphng constant, Oq, has a finite, but otherwise arbitrary derivative 
order. Inserting decomposition fl4.3l) into equation fl4.ip and projecting it on 
the various values of the antighost number, we obtain the tower of equations 

(if 

-ftti = df,m , (4.4) 

6aj + 7a/_i = m , (4.5) 

Sai + 7aj_i = m , 1 < i < / - 1, (4.6) 

where (m ] are some local currents with agh (m ] = i. Equation 



\ / 1=0,1 \ / 

(14.41) can be replaced in strictly positive values of the antighost number by 

jai = 0, / > 0. (4.7) 

Due to the second-order nilpotency of 7 (7^ = 0), the solution to (14. 7p is 
clearly unique up to 7-exact contributions 

aj-^aj + -fbj, agh{bj)=I, pgh(6j)=/-l, e (bj) = 1. (4.8) 

Meanwhile, if it turns out that aj exclusively reduces to 7-exact terms, aj = 
76/, then it can be made to vanish, a/ = 0. In other words, the nontriviality 
of the first-order deformation a is translated at its highest antighost number 
component into the requirement that aj G (7) , where (7) denotes the 
cohomology of the exterior longitudinal derivative 7 in pure ghost number 
equal to /. So, in order to solve equation (14.11) (equivalent with (14. 7p and 
(I4.5p - (l4.6p ). we need to compute the cohomology of 7, H (7), and, as it will 
be made clear below, also the local homology of 6, H {S\d). 

On behalf of definitions (I2.2ip - (l2.25p it is simple to see that H (7) is 
spanned by 

Fa = {^a, d^^A:^,d^H;, d,B^\ y/, F^t^) , (4.9) 

the antifields 

Xl= (Co' (4-10) 
all of their spacetime derivatives as well as by the undifferentiated ghosts 

r/^ = (r/^C^r^^''^C,V)• (4-11) 
In formula (14. 9 p we used the notation 
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(The derivatives of the ghosts rf^ are removed from H (7) since they are 7- 
exact, in agreement with the first relation from fl2.22p . the last formula in 
f l2.24p . the second equation in (I2.24p . and the first definition from fl2.25p .) 
If we denote by e^^ {v^) the elements with pure ghost number M of a basis 
in the space of the polynomials in the ghosts (14. lip , then it follows that the 
general solution to equation (14. 7p takes the form 

ai = ai{[FA\,[x*A])e' (v^), (4.13) 

where agh (a/) = / and pgh (c^) = /. The notation f{[q]) means that / 
depends on q and its spacetime derivatives up to a finite order. The objects 
a I (obviously nontrivial in (7)) will be called "invariant polynomials". 
The result that we can replace equation (14.40 with the less obvious one (14.70 
is a nice consequence of the fact that the cohomology of the exterior spacetime 
differential is trivial in the space of invariant polynomials in strictly positive 
antighost numbers. 

Inserting (14.130 in (14. 5 p we obtain that a necessary (but not sufficient) 
condition for the existence of (nontrivial) solutions ai_i is that the invariant 
polynomials aj are (nontrivial) objects from the local cohomology of Koszul- 
Tate differential H {6\d) in antighost number / > and in pure ghost number 
0, 

6ai = d^ J , agh f J ) = ^ - 1. Pgh ( J 1=0. (4.14) 

We recall that the local cohomology H {5\d) is completely trivial in both 
strictly positive antighost and pure ghost numbers (for instance, see [60] . 
Theorem 5.4, and [61] ), so from now on it is understood that by H {S\d) 
we mean the local cohomology of 6 at pure ghost number 0. Using the fact 
that the free BF model under study is a linear gauge theory of Cauchy order 
equal to 4 and the general result from [5T] , according to which the local 
cohomology of the Koszul-Tate differential is trivial in antighost numbers 
strictly greater than its Cauchy order, we can state that 

Hj{S\d) = for all J > 4, (4.15) 

where Hj {S\d) represents the local cohomology of the Koszul-Tate differen- 
tial in antighost number J. Moreover, if the invariant polynomial aj, with 
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agh(aj) = J > 4, is trivial in Hj {5\d), then it can be taken to be trivial also 
in Hy^{6\d) 

aj = 6bj+i + df, c ,agh(aj) = J > 4j ^ aj = + 9^7 , (4.16) 

with both and 7 invariant polynomials. Here, {^\d) denotes the 
invariant characteristic cohomology in antighost number J (the local coho- 
mology of the Koszul-Tate differential in the space of invariant polynomials). 
(An element of Hy^"^ {6\d) is defined via an equation like fl4.14p . but with 
the corresponding current an invariant polynomial.). This result together 
with (14.151) ensures that the entire invariant characteristic cohomology in 
antighost numbers strictly greater than 4 is trivial 

Hf'' {6\d) = for all J > 4. (4.17) 

The nontrivial representatives of Hj{6\d) and of Hy{6\d) for J > 2 de- 
pend neither on (^d^^A'^^, d'^H^, 9^5^'^, -F^pj nor on the spacetime derivatives 

of F4 defined in (14. 9 p , but only on the undifferentiated scalar fields and aux- 
iliary vector fields from the two-form sector, V"^). With the help of 
relations fl2.15p - (l2.20p . it can be shown that H^^'' {S\d) is generated by the 
elements 

(Pa {w)r''^ = ^cT-p^ + + c^^^^'ci''^) 

+ . . H:^HI^H*/HI\ (4.18) 

where = Wa [ipa) are arbitrary, smooth functions depending only on 
the undifferentiated scalar fields (pa and A is some multi-index (composed of 
internal and/or Lorentz indices). Indeed, direct computation yields 

S (Pa mr^' = d^'^ (Pa {W)r'^ , agh ((Pa {W)r') = 3, (4.19) 
where we made the notation 
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+ ^ ^ ^ HTHrK'- (4.20) 

It is clear that (Pa {W)Y^'' is an invariant polynomial. By applying the 
operator 5 on it, we have that 

5 (Pa = -d^' (Pa mT'^ , agh ((Pa mD = 2, (4.21) 

where we employed the convention 

(Pa iW)r = -TT^Cr + i^^K^Hir (4.22) 

Since (Pa (W))'^'^ is also an invariant polynomial, from f l4.2ip it follows that 
(Pa {W)Y'^'' belongs to if™^ {S\d). Moreover, further calculations produce 

6{Pj,{w)r = d^>^{Pj,mr\ eigh{{puw)r) = i, (4.23) 

with 

(Pa {W)r = ^H*/. (4.24) 

Due to the fact that (Pa (W))'^ is an invariant polynomial, we deduce that 
(Pa (W)Y'^ pertains to H^"" {6\d). Using again the actions of 6 on the BRST 
generators, it can be proved that H^'' {6\d) is spanned, beside the elements 
(Pa (W))'"''' given in (QUI) , also by the objects 

+ (4.25) 

and by the undifferentiated antifields ^7*°p;^ (according to the first definition 
from fl2.20p ). In formula fl4.25p = (ipa) are some arbitrary, smooth 
functions of the undifferentiated scalar fields <^a carrying at least an internal 
index A from the two-form sector and possibly a supplementary multi-index 
A. The factors (P/ (/))'', (P/ (/))''", and {P^ {f)^ read as in i^M), 
f02|) . and flCTj) . respectively, with Wa {<pa) /f {<Pa)- Concerning Qa (/), 
we have that 

SQA{f) = d,{QA{f)r, agh((QA(/))^) = 2, (4.26) 
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where we employed the notation 

(Qa if)r = ftCT + e^'''' {{Pk U))VX,^ + \ {Pa Vax) • (4.27) 

With the help of definitions ([215D-(I22DD it can be checked that 

S{QAif)r = dAQAif)r, agh((gA(/))n = l, (4.28) 
where we made the notation 

(Qa {f)r = e'-'"'' (/f KlpA + {P^ if))VAx) . (4.29) 

Direct computation shows that the objects 

satisfy 

6R^ (g) = (i?A (g)), , agh ({R^ (g))^) = 1, (4.31) 

with 

(^A (g)), = {gi'^vr + \ [Pt'' {g)Yv^) v^. (4.32) 

In formulas (14.301) and (14.321) g^^ = g^^ ((pa) stand for some smooth func- 
tions of the undifferentiated scalar fields that in addition are antisymmetric 
with respect to A and B 

gr = -g^- (4.33) 

Looking at their expressions, it is easy to see that all the quantities denoted 
by Qs or Rs are invariant polynomials. Putting together the above results we 
can state that H)^^ {6\d) is spanned by (Pa {W))^" hsted in (i^SD, {Qa {f)Y 
expressed by (14.271) . Ra (g) given in (14.301) . and the undifferentiated antifields 
7]*°^ and 7]* (in agreement with the last formula from (I2.18P and the first 
definition in fl218|) l 

In contrast to the spaces {Hj{S\d))jy2 and {Hy {6\d)) j^^, which are 
finite-dimensional, the cohomology Hi{6\d) (known to be related to global 
symmetries and ordinary conservation laws) is infinite-dimensional since the 
theory is free. Fortunately, it will not be needed in the sequel. 
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The previous results on H{S\d) and in strictly positive antigliost 

numbers are important because they control the obstructions to removing 
the antifields from the first-order deformation. More precisely, we can suc- 
cessively eliminate all the pieces of antighost number strictly greater that 
4 from the nonintegrated density of the first-order deformation by adding 
solely trivial terms, so we can take, without loss of nontrivial objects, the 
condition / < 4 into (14.31) . In addition, the last representative is of the form 
(I4.13p . where the invariant polynomial is necessarily a nontrivial object from 
HTi6\d). 



4.2 First-order deformation 

In the case J = 4 the nonintegrated density of the first-order deformation 
(see (14.31) ) becomes 

a = ao + ai + a2 + + a^. (4.34) 

We can further decompose a in a natural manner as a sum between two kinds 
of deformations 

a = a(^^) + a(-*), (4.35) 

where a*-^^-* contains only fields/ghosts/antifields from the BF sector and a*-™*^ 
describes the cross-interactions between the two theories. Strictly speaking, 
we should have added to (I4.35P also a component a^^^ that involves only the 
two-form field sector. As it will be seen at the end of this subsection, a^^^ will 
be automatically included into a*^™*-*. The piece a^^^^ is completely known 
(see [501 [53l [52]) and (separately) satisfies an equation of the type (14.11) . It 
admits a decomposition similar to (I4.34p 

(BF) (BF) , (BF) , (BF) , (BF) , (BF) / . o«\ 

= + cii + '^2 +'^3 + '^4 ) (4.36) 

where 



2.(4!) 



APabcAM)r''v''v'vV), (4.37) 



= iPaUW)r'{-v''Cl^ + ^A'^'Cl^,) 
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+2 (6 {Pab {W)Y'' B*''p^ + 4 (P„, {W)Y V*""'^ + WabV*'""""^) Cl^^x 

- (6 (P:, (M))^, B;t + 4 (P,^, (M))^^:;, + M:,r/-^,) r^^^' 

+3 (P„,ed (M))^, P- + 2 (P„,e. (M))^ CpA 

+M„,,,77-^,) Ty^Ty^Ty^ (4.38) 

{Pab mr {V''C% - ?>A^'C%;) - 2 (3 (P„, (Py))'^ P*-^ 

+ (3 {p^b m),B:; + Mi,^*;^^) r,\r + i (- {pi, m),AT 

+M:bv:) yfyf + (3 {PI, (M))^, ^« + 12 (p„^, (M))^ p- 

+4M:,r^- J A\^r^ + (P«^ (M))^^ ^a^o^^bf 

-QK,B;iB;ivr' + i^^'^'^"' (3 {Pabcd (m))^, ^^^5; 

+12 (P„,,, (M))^ P-A^ + 4M„,,,r?-,A^ - 6M„,,,P-P5) 77^77^^ 

(2 (p"^(M))^Ar-2M'^^: 

+ {P'"'iM))^^Bf)7jr\ (4.39) 

= (P„, (ly))'^ (-77»P; + 2A-C;j + (2P-C^'^'^ - (^*«77^) 
- (Pa^6 (M)), At {rfB^^ + - {Bllrj'B^^ 

+AyAT + ^B;:Alr^r) 

+2e^,ax {{P"' (M))^Pr - M«Mr) r^r' 

(P„,ed (M))^ A« + 3M„,,,P-) AlAln", (4.40) 



~4! 



,(BF) _ _W ^aM/i-fe + iM^-.AM'^r 



J5 ' = -yyabA-^^^+pVlabA-^All 

^i^^.pA (M"^P„^,Pfe,A - ^^M^bedA^lACA^Ay . (4.41) 
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In fl07|) - flOT]) the quantities denoted by {Pat (W)f'-'"' , {P^^{M)f'-''\ 
(^P-^ {M)Y'-^\ and {Pab,d{M)Y'-^'= read as in dHH]), (OUj) . (5221), and 
f l4.24p for /c = 4, = 3, /c = 2, and k = 1, respectively, modulo the succes- 
sive replacement of PVa (Va) with the functions Wah, M^f^, M"'', and Mated, 
respectively. The last four kinds of functions depend only on the undifferen- 
tiated scalar fields and satisfy various symmetry/antisymmetry properties: 
M^j, are antisymmetric in their lower indices, M'^'' are symmetric, and Mated 
are completely antisymmetric. 

Due to the fact that a^^^^ and a*^™*) involve different types of fields and 
q(bf) separately satisfies an equation of the type (14. ip . it follows that a('"*) is 
subject to the equation 

sa^*"*) = a^m^''^*)'^, (4.42) 

for some local current m^™*)'^. In the sequel we determine the general solution 
to (14.420 that complies with all the hypotheses mentioned in the beginning 
of the previous subsection. 

In agreement with (14.341) . the solution to the equation sa*-™*-* = c^^m*-™*-''^ 
can be decomposed as 

^(int) _ ^(int) ^ ^(int) ^ ^(int) ^ ^(int) ^ ^(int) ^ ^^^^3^ 

where the components on the right-hand side of (14.431) are subject to the 
equations 

T^r^ = 0, (4.44) 
^4^^ + 7aK = , k = TA. (4.45) 

The piece 04™*'* as solution to equation (14.44^ has the general form expressed 
by (I4.13P for / = 4, with from H^^'lSld) and spanned by 

Taking into account the result that the general representative of W^^{S\d) 
is given by (14. ISp and recalling that 04™*"* should mix the BF and the two- 
form sectors (in order to provide cross-couplings), it follows that the eligible 
representatives of from (14.460 allowed to enter 04"*'' are those elements 
containing at least one ghost of the type C^. Therefore, up to trivial, 7- 
exact terms, we can write 

at^ = ^e,,,x{iPabAiN)r''r^'^r^'C^ + iPABiN)r''C^C^) 
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+ ipim,.p,c^vr\ (4.47) 

where the objects denoted by {PabA {N)f''''\ {Pab {N)Y''''^, and respec- 
tively (-^))^j^pA ^'I'e expressed as in (14.181) . being generated by the ar- 
bitrary, smooth functions of the undifferentiated scalar fields NabA {'^m), 
Nab i'^m), and A^^ (v^m), respectively. In addition, the functions NabA {Vm) 
and Nab iVm) satisfy the symmetry /antisymmetry properties 

NabA (V^m) = -NbaA {^m) , Nab {^m) = NqA (V^m) • (4.48) 

Inserting fl4.47p into equation fl4.45p for k = A and using definitions 
f i2.i5p - fi2.25p . after some computation we obtain the interacting piece of 
antighost number 3 from the first-order deformation in the form 



= -iPiiN))^,^{c^vr+^ctvr') 

-l^e^-''" [{PabA {N))^^X {A^C^ + '^v'Ct) 
+ (Pab (iV))^,^ C^Cf - (s (PabA (N))^, B;1 

+2 {PabA + \NabAV*;.,,) T^C^' _ 

He^p,6 {Q\ (/) riYf'' + Qa (/) C-^^') . (4.49) 

(Solution (14.490 embeds also the general solution to the homogeneous equa- 
tion 703™*^ = 0.) The elements denoted by QaA (/), Qabdf), Q%(/), and 
Qa if) are generated via formula fl4.25p by the smooth functions (of the un- 
differentiated scalar fields) /^^, Z"^"^, and fa, respectively. In addition, 
the functions are completely antisymmetric in their BF collection indices. 

The interacting component of antighost number 2 results as solution to 
equation fl4.45p for /c = 3 by relying on formula fl4.49p and definitions fl2.15p - 
f l2.25p . and takes the form 

a't^ = -\{PAB{N)r {C^V^u-\e,.pxC^'C^^) 

-\ {PabA {N)r Vt^'y^u + W {2A-'^''C^^ + A-oA^^C^)] 
+ {PI (N)),, [C^B^'^ + ?,Cfr^r + \e^p,8V^'''vf'') 
-e^'""^ {{PabA (iV)),^:; + \NabAri7u^ {A\C^ + rfCt) 
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+ (Qa if)), Ct^X - (QaA (/)), {A'^'C^ + V'C^^) 

-ir {Q\ if))" {eap.sA'X^''' - e,^p,v'vf') 

-KQabc (/))'' A^lr^V. (4.50) 

Using definitions fl2.15p - fl2.25p . we obtain 

Sa't'^ = 5c2 + 7ei + ^^jf + h, (4.51) 

where 

C2 = {{Pab {N)r + UP-bB {N)r r^^T^' 

+ {{QaA if))'" + i (Qatc (/))'^^r^V) 

-le'^'''KtAB;iB;1C^ + ^e^,,s {Q\ if))"" B^^tf'' 
-lffv;%VBxvr\ (4.52) 



ei = A^lr/" {{P,,n (N)), V^^^ + N,,bV*^^) + 2 (P^ (N))^ C^B^^ 
-e,a^,vf' {{PI (iV)). V^^'' + iV^V*^^) - 2N^^ATC^ 
+N,,aB;:v''V''^'' - e^"'^ (i {Pa,A (iV)), Al + Na,AB*;^ A^C^ 

{{Pab (iV)), V^^'' + iV^BV^*^'^) - ^^'^^VaA^r^V^^pC'A 
+ {QaA {f))'" [A^Ct + \e,.,,.i'V^'^) - \ {Qatc {f))'" A^Atv^ 
+e''''"fabcB;iVB,A>ir^^ + ^e^"'' (Q. (/))^, C^, 

+ i/t5;:^Bpr7r, (4.53) 



fi = - {NabC^ + iNaiBV^v' - e^p^sN^Brif^') V*'"' + 2 {N^A*/ 

+ {PI {N))^ Bn + {P2 {N))^ {QC^vr + ecf^^sV^'^vf-^') 
- {Pab (iV)), [C^V''^'' - le^-P^C'^Cf) 
-e^^'P^Na^ABll [ifCi + A\C^) - \ {PabA {N))^ T^'^rfV^^'' 
-e^^<'^ {Pa,A (iV)). [rfCt + iA^.C^) + /t^^BAr^r" 
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+ (QaA if)r {KC^ + V^'C^) + \ {Qa,c {f)r K^S" 

H. if)r {eap,sAlvf^' - e,^p,r^ST) , (4-54) 



h, = {{PaB iN)r + \ {Pa,B {N)r V^V' - eaPyS {P^B vf'') 

+ {^abC^ + l^amri''^'' - eo^p^sN'^Evf^') d^^Vf. (4.55) 
If we make the notation 

then fl4.5ip is equivalent with the equation 

54"*^ = 7ei + 5^jT + /ii. (4.57) 

Comparing (14.571) with equation (14.451) for k = 2, we obtain that a necessary 
condition for the existence of a local a^"*'' is 

hi=6g2 + ifi + d^lt, (4.58) 

with g2, fi, and local functions. We show that equation (I4.58P cannot hold 
(locally) unless hi = 0. Indeed, assuming (I4.58P is satisfied, we act with S 
on it and use its nilpotency and anticommutation with 7, which yields the 
necessary condition 

5h=j{-Sh)+d^{Sl>;). (4.59) 
On the other hand, direct computation provides 

Sh = i[{NABC^-NatBA';,v' + e,^f,,N^svf^)V^^] 

+d, [- [NabC^ + kNabBV^'ri' - e^p,sN%t/^') V^^] . (4.60) 

Juxtaposing flCTj) and fOOj) and looking at definitions fl2J3D - (12:251 ), it fol- 
lows that must necessarily be 5-exact modulo d in the space of local 
functions. Since this is obviously not true, we find that (14.591) cannot be sat- 
isfied and consequently neither does equation (I4.58p . Thus, the consistency 
of 02™*"* leads to the equation 

hi = 0, (4.61) 
which further implies that the functions NabA, Nab, and A^^ must vanish 

NabA = Nab = N% = 0. (4.62) 
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Based on (Km . from flOTD . fICTD . fH^O]) . fH32]) . flOHD . fICT) . and fH37D 
we get the components of antighost number 4, 3, and 2 from the noninte- 
grated density of the first-order deformation as 

af *^ = 0, (4.63) 



= QaA{f)r]^C^ + I^Qatc{f)r]''vV 

+ i.^aP,S {Q\ (/) + Qa (/) C^'^'"'') , (4.64) 

ot^ = he^''''{Qa{f)),C:,,~{QaA{f)r{A';C'' + v''C^) 
-\ {Qatc if)r AlnS'' - \ iQ\ if)r {sap^sA^vf^' 

-e,.p,vV) - {{QaA {f)r + \ iQabc u)r vV) b;: 

-y^Ms {Q\ U)r B;lvf'' + \Ra, {g) 

+Ra {g) + ir ig) vr'- (4-65) 

The objects Rab (g), Ra (g), and i?" (g) are generated by formula f l4.30p via 
the smooth functions of the undifferentiated scalar fields g^f^^, g^^ci 
gO.AB^ respectively. All these functions are antisymmetric in A and B and in 
addition g^i^ are antisymmetric also in their (lower) BF collection indices. 

Replacing now expression fl4.65p into equation fl4.45p for k = 2, we ob- 
tain that the interacting piece of antighost number 1 from the first-order 
deformation is written as 



a 



/(int) 
1 



-^e^'"'' {Qa (/)),. C;, - {QaA Uir [AlCi 



+ {Ra {g)r - {Rab {g)r A^r^' - W {R" {g))' 

+l{Qabc{f)rA';^Al^^. (4.66) 
Using definitions fl2.15p - fl2.25p . by direct computation we obtain that 

5af = Sc, + 7eo + d,j^ + ho, (4.67) 
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with 



ci = -V^Vb, [J^aV*^' + + \e^'''"9i''VA.B'X) , (4.68) 

-I {9''%V^. + K4"^B^ (4.69) 



la 



-IfLKA'.v'VAx - \VauVb, [g^^Ci - gi'^Aln')] , (4.70) 

ho = -ftBrtVlV^. (4.71) 

At this stage we act hke between formulas ( 14.56P and ( 14.62^ . If we make the 
notation 

(int) /(int) i , 

a\ ' = a{; — Ci, (4.72) 

then (I4.67P becomes 

5a^*) = 7eo + 9^Jo^ + /lo, (4.73) 
which, compared with equation ( 14.45^ for /c = 1, reveals that the existence 
of Oq"*^ demands 

ho = Sgi + ^fo + dX, (4.74) 

with gi, /o, and Iq some local elements. Using f l4.7ip and definitions (I2.15p - 
fl2.25p . straightforward calculation shows that (14.740 cannot be valid, and 
hence the consistency of a^™*-* leads to the equation 

ho = 0, (4.75) 

which requires the antisymmetry of the functions faAB (= ^am/^b) with 
respect to their collection indices from the two-form sector 

faAB = -faBA- (4.76) 

With the help of (ITO]) . (lOTD . (ITOj) . (I472D . ^1^, and (IT76D we com- 
pletely determine a^™*"* and then aQ™*"* as solution to (14.450 for k = 1 m. the 
form 



(int) 



^e^^^^ (Q„ (/))^, c;, - (g,^ (Z))^'^ 
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+ {Ra {9)r - {Rab {g)r Airf - 1 w {R"" {9)r v:'' 

+ gi'^VAuBf,) , (4.77) 



(int) _ I fiupX-ir ( I fA AC,l„AB-i/ \ Aa Ab 

-iJaV^H; + f^sA^.VA.V^'-'' + y:A^,VA.Bi 
+1 {9^^cV,'i + Vj^V;^. (4.78) 



^b 



Thus, we can write the final form of the interacting part from the first- 
order deformation of the solution to the master equation for a collection of 
BF models and a set of two-form gauge fields as 

St'^ = I d^xa^^'^ = I d^x (af + aj"*) + af"'^ + aj"*)) , (4.79) 



where the 4 components from fl4.79p read as in formulas f l4.64p - fl4.65p and 
fl4.77p - fl4.78p . respectively. The previous first-order deformation is parame- 
terized by 7 functions, g^^^ , f^, f^^, /^^^ g^^c^ and which depend 
smoothly on the undifferentiated scalar fields and are antisymmetric as 
follows: /^^ in the indices {a, 5, c}, g^^ with respect to {A,B} and {«,&}, 
and faAB = kAufaB together with g^^c and g""^^ in {A^B}. It is easy 
to see that (14. 790 also includes the general solution that describes the self- 
interactions among the two-form gauge fields. Indeed, if we isolate from s'f^^'^ 
the part containing the functions g'^^c^ represent these functions as some se- 
ries in the undifferentiated scalar fields, g^^c (v'a) ~ ^^^c + ^^^c'^a + ■ ■ ■ , 
where k^^^ and k^^^ are some real constants, antisymmetric in their upper, 
capital indices, and retain only the terms including k^^^, then we obtain 



5f*)(A;) ^ j d'xa^^^ = j d'x{a^^^ + a^^^ + a^^^) 

+e,.,xVrV^C^' + \V^^V^VI^] , (4.80) 
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which has been shown in [22] to be the most general form of the first-order 
deformation for a set of two-form gauge fields in four spacetime dimensions 
with the Lagrangian action written in first-order form. In conclusion, the 
overall first-order deformation of the solution to the master equation for the 
model under study is expressed like the sum between fl4.79p and the piece 
responsible for the interactions from the BF sector 

5, = 5f^) + 5f*\ (4.81) 

where 

Sf^^ = j d'xa^''''\ (4.82) 

with a(^^) provided by (061) and fOTjl - dCTj) . We recall that Sf^'^ is 
parameterized by 4 kinds of smooth functions of the undifferentiated scalar 
fields: Wah-, M^f^, M"*, and Mated, where M^^ are antisymmetric in their lower 
indices, M"'' are symmetric, and Mahcd are completely antisymmetric. 



4.3 Second-order deformation 

Next, we investigate the equations responsible for higher-order deformations. 
The second-order deformation is governed by equation (13. 5p . Making use of 
the first-order deformation derived in the previous subsection, after some 
computation we organize the second term on the left-hand side of (13. 5p like 

{Si, Si) = J c/^x(A + A), (4.83) 



where 



A \^ f T^abc d^tabc j^abc ^^'^abc 



p=0 



apj-ab 



and 



^ _ f -w-abB ^^"^ohB , -^abcd ^^"^ohcd 



p=0 
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I vab ah i vo-b ah 

+JiAab,n.....m, 9^^, . . . d^^^ ^ 9^^, . . . d^,^^ 

, f ^aABC d^TgABC ^abc ^^^alf 

flprpAB pjprpABa 

j_ya ^ , ^b ^b 



i ^ABCD,nn...m,-r^ + X, 

p=0 



^ABCD,mi...mp o ^A_BC,mi...m„ o o 



ivABC ^^'^ABC \ I ya rpABCD (a oc:\ 

In formulas fl4.84p and fl4.85p we used the notations 





W^ecM^'fe + Wea^ + Web^ , 

dipe Oipe 


(4.86) 


tabc 








fd _ 
''abc 


(4.87) 


■ 




(4.88) 


''a 




(4.89) 


±bc 
''a 




(4.90) 



T^b = flif^ + /e^?^ + wj-i^ + 2W^,,/t, (4.91) 



I 



T.^^ = ff-f- - ff-i^ - 4! (/^M/f + 2M^../^^) , (4.92) 



dM'^ 

rpAc _ fA fMc fA fMc 1 fA ^-^^-^ab , /Ac ji ^-e 
-'afe — JaMi b J bM J a 2J e ~q tJ e ^^^ab 



QjAc 



+f%M^^, - 2 ■ 4!/,lM- + W^e[a^, (4.93) 
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rpA _ Tj/ •'M , fA j./re I pA pM 
^abcd — ^^^\P-~Q^ ^ Je[ab^^^cd\+ JM[aJhcd\ 

dip. 



+ - ftM,,d,e , (4.94) 



f)]\ja.b 

rjnAab ^ jA_ 2f'^^M^^ - 2/f M'^^ (4.95) 



eA 



T^bB - + fe^M^, + W^e[a^ , (4-96) 

rri p dfaBC p 9faAC , r) re r n pe r 

J-aABC — JAe—^ jBe—^ r I J AaJeBC — ^/ BaJeAC 

dife 0(pe 

+4! {-QABMf^C + W^ea^ + /„Ta^B]Mc) , (4-97) 
= feABM^\ (4.98) 



rpAB fA^Jabc pB^fabc , cf fAe fB cyfBefA 

^abc — Je Je ^/ [aJbc]e ^/ [aJbc]e 



Pi fBa a fAa 

rpABa _ fA '-^J b fB '-'j b r, fAa fBe , r, fBa fAe 
' ~ ^fefb+^fetb 

+4! (^g^^^M:, + wj-^^ - 4! {g^\fT 

+2 • A\gi^M'^'^ + Al,^"^^ - /^M^"^^) , (4.100) 

^ABCD ^ geiABfC^D _ Ifi^^J^ - 12g^^\g^^^^ , (4.101) 

a BC] 

T^b''' - f'^'fl - yr-^ - 12^'"1^2" + g'^fl (4.102) 
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TaBC = 9[ABf"'c]e ~ if^A—Q^ ^'^dlAB 9c]My (4.103) 

j^ABCD^gelABgCnl^ (4.104) 

where the functions qabc-, 5''^^^^, and Qab^^ result from g^^^ by appropri- 
ately lowering or raising the two-form collection indices with the help of the 
metric fc^s or its inverse k^^: qabc = kAMkBN9^^^, gCMD ^ gCM^f^ED^ 
Qab^ = kAEksFd^^N^^^^ ■ The remaining objects, of the type K or X, 
are listed in Appendix [Al Each of them is a polynomial of ghost num- 
ber 1 involving only the undifferentiated fields/ghosts and antifields. Com- 
paring equation (13. 5p with (I4.83p . we obtain that the existence of S2 re- 
quires that / d'^x (A + A) is s-exact. This is not possible since all the ob- 
jects denoted by or X are polynomials comprising only undifferentiated 
fields/ghosts/antifields, so (13. 5p takes place if and only if the following equa- 
tions are simultaneously obeyed 

tabc = 0, tL = 0, W = 0, t^ = 0, t^^ = 0, (4.105) 

^a1 = 0, T,^^ = 0, r,t = 0, T,1, = 0, T^^' = 0, (4.106) 

T^,B = 0, T,abc = 0, nB = 0, Tif = 0, T,^^'^ = 0, (4.107) 

j^abcd^q^ T^bc^q^ T^bc = 0, T,^^^^ = 0. (4.108) 

Based on the last equations, which enforce A = = A, from (I4.83P compared 
with (13. 5p it follows that we can take 

^2 = 0. (4.109) 

On behalf of (I4.109P it is easy to show that one can safely set zero the 
solutions to the higher-order deformation equations, (13.60 . etc. 

Sk = 0, k>2. (4.110) 

Collecting formulas (14.1090 and (14.1100 . we can state that the complete 
deformed solution to the master equation for the model under study, which 
is consistent to all orders in the coupling constant, reads as 

^ = ^ + A^i, (4.111) 

where S is given in (12.260 and Si is expressed by (I4.8ip . The full deformed 
solution to the master equation comprises 11 types of smooth functions of 
the undifferentiated scalar fields: Wat, M^^, Mated, / . j, g^,^ f^, f^^,, 

f^a, 9^^c^ ^^"^ 9'^^^ ■ They are subject to equations (I4.1050 - (l4.108p . imposed 
by the consistency of the first-order deformation. 
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5 Lagrangian formulation of the interacting 
model 

The piece of antighost number from the full deformed solution to the master 
equation, of the form fl4.11ip . furnishes us with the Lagrangian action of the 
interacting theory 

s'-Ia;, h;, 5r, v;t = / d'x [h;d^^^ + \b^^f;^ 

-9ABc,y^V^)A^,A'^;\, (5.1) 

where we used the notations 

D^^^ = d^^a + XWabA''^ - ^ fAaV^^, (5.2) 

+^ {fMAlV^i + 9\BKy^) , (5.3) 

= 5[^Kf - A/.1,Af^Kf + A^7B/v;^Kf • (5.4) 

Formula fl5.ip expresses the most general form of the Lagrangian action de- 
scribing the interactions between a finite collection of BF models and a finite 
set of two-form gauge fields that complies with our working hypotheses and 
whose free limit is precisely action (12. ip . We note that the deformed La- 
grangian action is of maximum order 1 in the coupling constant and includes 
two main types of vertices: one generates self-interactions among the BF 
fields and the other couples the two-form field spectrum to the BF field spec- 
trum. The first type is already known from the literature and we will not 
comment on it. The second is yielded by the expression 

-Je'^^"" [\fAac,V^Al - gABcV^V^) A^Ai (5.5) 
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We observe that the vector fields V"^^ couple to all the BF fields from the 
collection, while the two-form gauge fields V^'^ interact only with the one- 
forms Af, from the BF sector. Also, all the interaction vertices are derivative- 
free (we recall that the various functions that parameterize (15. ip depend only 
on the undifferentiated scalar fields). One of this couplings, ^dBc^^A'^p^v i 
is nothing but the generalized version of non-Abelian Freedman-Townsend 
vertex. (By 'generalized' we mean that its form is identical with the standard 
non-Abelian Freedman-Townsend vertex up to the point that Qbc^ cire not 
the structure constants of a Lie algebra, but depend on the undifferentiated 
scalar fields.) Thus, action (15.11) contains the generalized version of non- 
Abelian Freedman-Townsend action 

SllK. Va] = ll d'x [Vf (9[,K] + ^QbcX^K'') + ■ (5-6) 

From the terms of antighost number 1 present in (14.1111) we read the 
deformed gauge transformations (which leave invariant action (15. ip ). namely 



(5.7) 



f) AB 
I Y^yP 

-Ddp.u'^ 2 



1 dMbcde ^^cu _^ (^fbde 
12 dipa difa 



d fbde_yu \ jyip 



fhc 



difa 



f ^fAcyAv jyp _ 1 ^fi'AB I 
_L\^ ( ^fbAB ^^Bu Abp , 1' 



^^^^cd Adp^ _l9\___R a'^'^P^c 



1 dgAB '^iAu-[/Bp\ ^ 



dfbAB ^^Bu Abp . l^d^^Y^yA a 



.A\ 



<pv 



5,ifa = -XWabe'', 
= -3 (Dp)/ + 2XWabe"''' - Xs^'"'^ faAByf - AM^.^fe^ 

+ Xe^''P^ {^MabcdA^Ai + fAabcy^Al - \gABaby^y> 



(5.8) 
(5.9) 



^T//^)e^ (5.10) 
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+faBV,l + y^^B,,,]e'^, (5.11) 

^>,^ = A/„>,V. (5.12) 

In fl5.7l) - fl5.12l) we employed the following notations for the various types of 
(generalized) covariant derivatives: 

{D,)\ = 5td,-\M^,Al-yi,V^, (5.14) 
(D,); = S^ + XiMlA'^^ + y^X), (5.15) 
m\ = 5p'^->^faBA'"' + X9^''BVS. (5.16) 

It is interesting to see that the gauge transformations of all fields get modified 
by the deformation procedure. Also, the gauge transformations of the BF 
fields and Bj^'^ involve the gauge parameters e^^, which are specific to 
the two-form sector. Similarly, the gauge transformations of and 
include pure BF gauge parameters. By contrast to the standard non-Abelian 
Freedman-Townsend model, where the vector fields are gauge-invariant, 
here these fields gain nonvanishing gauge transformations, proportional with 
the BF gauge parameters e". The nonvanishing commutators among the 
deformed gauge transformations result from the terms quadratic in the ghosts 
with pure ghost number 1 present in (14.1111) . The concrete form of the gauge 
generators and of the corresponding nonvanishing commutators is included 
in Appendix [B] and [Dl respectively (see relations (lB.ip - (lB.16p and (ID.ip - 
(ID.lQp . respectively). With the help of these relations we observe that the 
original Abelian gauge algebra is deformed into an open one, meaning that 
the commutators among the gauge transformations only close on-shell, i.e. on 
the field equations resulting from the deformed Lagrangian action (15. ip . The 
deformed gauge generators remain reducible of order two, just like the original 
ones, but the reducibility relations of order one and two hold now only on 
the field equations resulting from the deformed Lagrangian action (on-shell 
reducibility). The expressions of the reducibility functions and relations are 
given in detail in Appendix[C](see formulas (]C.ip - (]C.26P ). They are deduced 
from certain elements in (14. 11 ID that are linear in the ghosts with the pure 
ghost number greater or equal to 2. 
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We recall that the entire gauge structure of the interacting model is con- 
trolled by the functions W^,, M,»„ M,,,,, M«^ /,t, g^^ , ft ft, /l^ g^^'c^ 
and g"'^^ ^ which are restricted to satisfy equations fl4.105p - fl4.108l) . Thus, our 
procedure is consistent provided these equations are shown to possess solu- 
tions. We give below some classes of solutions to fl4.105p - fl4.108p . without 
pretending to exhaust all possibilities. 

• Type I solutions 

A first class of solutions to equations (14.1050 is given by 



M:, = ^, M.,., = /.[.,^, M'^^ = 0, (5.17) 



where f^ab are arbitrary, antisymmetric constants and the functions 
Wah are required to fulfill the equations 

VK,„^ = 0. (5,18) 

We remark that all the nonvanishing solutions are parameterized by 
the antisymmetric functions Wab- Like in the pure BF case [51], we 
can interpret the functions Wab like the components of a two-tensor 
on a Poisson manifold with the target space locally parameterized by 
the scalar fields ipe- Consequently, the first and third equations among 
f l4.106p are verified if we take 



f^B = ^Ma, f^ = rH''Wa., n = -\r^k^^-^, (5.19) 



where fa are arbitrary functions of k'^ stand for some arbitrary 
constants, and and A^^ (A^-^ = -A^^, A^^^ = k^^\^(j) represent 
some constants subject to the conditions 

X^T^ = 0. (5.20) 

Inserting fl5.19p into the second equation from fl4.106p . we obtain 

9% = \gABcr''k'^ + iiAB^\ (5.21) 

where ^ab are some arbitrary, antisymmetric constants and z/" {(p) are 
null vectors of Wab (if the matrix of elements Wab is degenerate), i.e. 

Wabi^"" = 0. (5.22) 
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In the presence of the previous solutions the fourth equation from 
(14.1061) is solved for 

fL = i^-^^'/^I'^^^- (5-23) 

Due to the last relation in fl5.17p . it is easy to see that the fifth equa- 
tion from (14.1061) is now automatically satisfied. Next, we investigate 
equations (14.1071) . The former equation is checked if we make the choice 

fa = k'Wab, (5.24) 

with fc* some arbitrary constants. The next equation from (I4.107P is 
fulfilled for 

9ABC = CABcil + x), \\ = CcB'r'', k'' = k\ (5.25) 
where x (v^) has the property 

Wabp- = (5.26) 

(if Wab allows for nontrivial null vectors) and the completely antisym- 
metric constants Cabc are imposed to satisfy the Jacobi identity 

CEAisCDcf = 0. (5.27) 

Now, the third equation from (14.1070 is automatically verified by the 
last relation in (I5.17p . The solution to the fourth equation reads as 

gab"" = C'^'^'TcWab, fiAB = 0. (5.28) 

So far we have determined all the unknown functions. The above so- 
lutions also fulfill the remaining equations from (I4.107P and the first 
three ones in (14.1080 . However, the last equation present in ( 14.1080 
produces the restriction 

^E[AB^CD]F^^^^ = 0. (5.29) 

The last equation possesses at least two different types of solutions, 
namely 

^ABC ^ ^^Jk^A^B^C^ ^^^^ = 1, 2, 3 (5.30) 
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and 

^ABC ^ ^ABC^A^B^g A, S, C = 1, 2, 3, 4, (5.31) 

respectively, where ef and are all constants and e^^'' together with 
e^^'-^' are completely antisymmetric symbols. These symbols are defined 
via the conventions e^"^^ = +1 and e^"^"^ = e^^^ = e^^^ = +1, respectively. 
It is straightforward to see that the quantities C'^^'" given by either 
of the relations fl5.30p or (15.311) indeed check (I5.27p . By assembling 
the previous results, we find the type I solutions to equations (I4.105p - 
(I4.108P being expressed via relations (15.170 . (I5.23p . and 

faB=CnB''r''k'Wat, f^ = T''k^Wac, (5.32) 



f^- = -lT^k^—^, gABc = CABc{l + x), (5.33) 
9\B = \CABc{l + x)r''k\ g^f = C^^^TcWab, (5.34) 

where and k"" represent some arbitrary constants, Wab are assumed 
to satisfy equations (15.180 . and x is subject to (I5.26P (if the matrix 
of elements Wab is degenerate). The antisymmetric constants C^^'" 
are imposed to verify relations (I5.29p (which ensure that (I5.27P are 
automatically checked). Two sets of solutions to (15.290 (and hence also 
to (15.270 ) are provided by formulas (I5.30p and (I5.3ip ). 

Type II solutions 

Another set of solutions to equations (I4.105P can be written as 

Wab = 0, M:, = C\,M, Mabcd = 0, M'^" = /i-^^M, (5.35) 

with M and M arbitrary functions of the undifferentiated scalar fields. 
The coefficients /i"^ represent the elements of the inverse of the Killing 
metric flad of a semi-simple Lie algebra with the structure constants 
C^ab ifiadfJ''^'^ = ^a), whcrc, in addition Cabc = fiadC%^ must be com- 
pletely antisymmetric. Under these circumstances, the first equation 
from (14.1060 is solved if we take 

faB = ~^%L f^ = cr^fa, (5.36) 

where fa and fa are arbitrary functions of the undifferentiated scalar 
fields, and A"^^ as well as are some constants that must satisfy the 
relations 

~X\a^ = 0. (5.37) 
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Then, the second equation from fl4.1U6l) imphes the fact that 5'^^'" is 
restricted to fulfill the condition 

g^fac = 0. (5.38) 

Replacing the above solutions into the third equation from (14.1061) . we 
get the relation 

fi'^ = a^C\—, /l = a^C,,,iV, (5.39) 

where P and are functions of the undifferentiated scalar fields, with 
N restricted to verify the equation 

- dM 

faj— + 4 ■ AINM = 0. (5.40) 

Having in mind the solutions deduced until now, we find that the fourth 
equation from f l4.106p is automatically checked and the last equation 
in (I4.106P constrains the function M to be constant (for the sake of 
simplicity, we take this constant to be equal to unity) 

M = l. (5.41) 

The first and the third equations from (14.1071) immediately yield fa = 0, 
which further leads to = 0. Under these circumstances, the second 
equation entering (14.1071) is identically satisfied and the fourth equation 
from the same formula possesses the solution 

= (5-42) 

where Q is an arbitrary function of the undifferentiated scalar fields 
and A"^"^ denote some arbitrary, completely antisymmetric constants. 
Substituting the solutions deduced so far into the last equation from 
dHOZD, we get 

91b = '^AB^, (5.43) 

where g is a function of the undifferentiated scalar fields that is re- 
stricted to fulfill the equation 

= ^M^- (5.44) 
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The first equation from (I4.1U8I) exliibits tlie solution 

gABC = (^[A>^B]C^, (5.45) 

witli $ an arbitrary function of the undifferentiated scalar fields and 
Xbc some arbitrary, completely antisymmetric constants, which check 
the relations 

Xbc(t'' = 0. (5.46) 

Relations f l5.46p ensure that equation (15.381) is verified. The second 
equation from (14.1081) displays a solution of the form 

-^AB ^ ^[AxB]Cp^^ (5 

with (3c some constants. The remaining equations entering (I4.108P are 
now identically verified. Putting together the results obtained until 
now, it follows that the type II solutions to equations (I4.105p - (I4.108I) 
can be written as 

Wab = 0, Ml, = C\,M, M,,,, = 0, M'^^ = /i'^^ (5.48) 

r)P 

faB = 0, f^ = cT^fa, n = cr^C\,^, (5.49) 



fate = -^^^C^tJ,^, gT = ^C^tcCT^^X^^'^PcM^, (5.50) 



9ab = '^[aXb]cP'^'t, — , gABC = (J[a\b]c^- (5.51) 

We recall that M, fa, P, g, and $ are arbitrary functions of the undif- 
ferentiated scalar fields and Pc, ^bc, and a*" are some constants. In 
addition, the last two sets of constants are imposed to fulfill equation 
(I5.46p . The quantities /i"'' are the elements of the inverse of the Killing 
metric of a semi-simple Lie algebra with the structure constants C"^^^, 
where Cabc must be completely antisymmetric. 

Type III solutions 

The third type of solutions to (14.1050 is given by 

Wab = 0, M:, = C\,W, Mated = fe[abC\.q, M^' = 0, (5.52) 



35 



with w and q arbitrary functions of the undifferentiated scalar fields, 
feab some arbitrary, antisymmetric constants, and C"^„^ the structure 
constants of a Lie algebra. Let us particularize the last solutions to the 
case where 



C\, = k'Wab, w{^)=q{^) = —^^ ^, (5.53) 

d ( k^fr, 



with k'^ some arbitrary constants, w an arbitrary, smooth function de- 
pending on k"^ipm, and Wat some antisymmetric constants satisfying 
the relations 

Wa[bW,d] = 0. (5.54) 

Obviously, equations fl5.54p ensure the Jacobi identity for the structure 
constants C'^^b- Replacing fl5.53p back in fl5.52p . we find 

Wab = 0, M:, = ^, Mabcd = felab^^, M'^" = 0, (5.55) 

where 

dw i k"^(pm ) 

Wab = Wab T^. (5.56) 

d (k^^n) 

Due to (15.541) . it is easy to see that Wab satisfy the Jacobi identity for 
a Poisson manifold 

We[a^r^ = 0. 5.57 

Relations (15.551) and (15.571) emphasize that we can generate solutions 
correlated with a Poisson manifold even if Wab = 0. In this situation the 
Poisson two-tensor results from a Lie algebra (see the first formula in 
(I5.53P and (I5.56P ). It is interesting to remark that the same equations, 
namely ( ]5.54p . ensure the Jacobi identities for both the Lie algebra and 
the corresponding Poisson manifold. These equations possess at least 
two types of solutions, namely 

Wab = e^jkCaeie^.p^ i,3, /c = 1, 2, 3 (5.58) 

and 

Wab = e-ab-fjlllp", a,b,c= 1, 2, 3, 4, (5.59) 
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where e^, p'^, and are all constants and together with are 
completely antisymmetric symbols, defined via the conventions £123 = 
+ 1 and £124 = £134 = £234 = +1, respectively. If we tackle the remaining 
equations in a manner similar to that employed at the previous cases, 
we infer that the third type of solutions to (I4.105p - (l4.108p is expressed 
by fl5.55p and 

ftB=^\^'"^a,^. fa=0, /t = -A^^'^^, (5.60) 
fabc = (^«[a^M + ^~k'kab^^ , (5.61) 

gt,"" = l^^m^'^'^'PcWabQ, 9\b = 0, 9abc = \AmB]cP- (5.62) 

In the above ^c, feab, A^, Wab {Wab = -Wba), and m^^ (m^^ = 

_^BA^ are some constants, the first four sets being arbitrary (up to 
the point that feab should be completely antisymmetric) and the last 
three sets being subject to the relations fl5.54p and 

ui^^Xb = 0. (5.63) 

The quantities denoted by Q, Ua, Q, and P are arbitrary functions of the 
undifferentiated scalar fields. The functions Wab read as in (15.560 . with 
w an arbitrary, smooth function depending on k"^(prn- If in particular 
we take Q and Q to be respectively of the form of w and q from (I5.53p . 
then we obtain that the functions and g^j^ will be parameterized 
by Wab- 



6 Conclusion 

To conclude with, in this paper we have investigated the consistent inter- 
actions that can be introduced between a finite collection of BF theories 
and a finite set of two-form gauge fields (described by a sum of Abelian 
Freedman-Townsend actions). Starting with the BRST differential for the 
free theory, we compute the consistent first-order deformation of the solution 
to the master equation with the help of standard cohomological techniques, 
and obtain that it is parameterized by 11 kinds of functions depending on 
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the undifferentiated scalar fields. Next, we investigate the second-order de- 
formation, whose existence imposes certain restrictions with respect to these 
functions. Based on these restrictions, we show that we can take all the 
remaining higher-order deformations to vanish. As a consequence of our 
procedure, we are led to an interacting gauge theory with deformed gauge 
transformations, a non-Abelian gauge algebra that only closes on-shell, and 
on-shell accompanying reducibility relations. The deformed action contains, 
among others, the generalized version of non-Abelian Freedman-Townsend 
action. It is interesting to mention that by contrast to the standard non- 
Abelian Freedman-Townsend model, where the auxiliary vector fields are 
gauge-invariant, here these fields gain nonvanishing gauge transformations, 
proportional with some BF gauge parameters. Finally, we investigate the 
equations that restrict the functions parameterizing the deformed solution 
to the master equation and give some particular classes of solutions, which 
can be suggestively interpreted in terms of Poisson manifolds and/or Lie 
algebras. 
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A Various notations used in subsection 14.3 



The various notations used within formula (14.841) are listed below. The ob- 
jects denoted by ( K"-}!^ ) are expressed by 



-4 [rfrf^P^'P^ + QB*''^"'B*^P^ - At^*''^"'p A^^) C'^^^^, (A.l) 



Kf = {4H*/A^Pv'-Crv''v'')C;^-Hrv''v'H; 
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-HjEl^r^^TfC^^ + {-2AH*/H*/B*''f'^7]^ 
+12H*/H*/A''PA''^ - 24C*/''H*/A''^r]^ 
-3CrC*/Vv' + ^CT'afrtn") Cl^px. (A.3) 

K% = -2 {AHrHrH*/A'^' + H*/ Hfrj'^) rfCl^^^ 

-H*/H*/H*/rj'^rj'C;^^, (A.4) 

Ktf, = -HrHrH*/H;'r]'^r]''C;^^,. (A.5) 
The elements I K^'^^, ^ ] read as 

+ {-A^AIA; + Qv^'BiA; + rj\%l^) rj^ 

-Wv'v'v: + {-i2AiaIb;i + l2r^^B%B;i 

-^V'-VX^I + Vll.xv'-V') (A.6) 

Kf; = {ETA^^^S'^^\Crrt^S^)B^,, 

-\E*/rtifrtAl^ + {-'iHl" rt A^*" A""" 
-'iHlPrt^^B*^^'' + ICl^'^rtifA^P 
+lCr'v"vV) Vd,up + {24A^^H*/i]'B*'P^ 
+AHl^A''^'A^''A^P - 4H*^Yr]^r]*'""'P 
+QC*/''r]''rfB*^P^ - ^C*J''' rt A^^ A^^ 
-r^CT'rfrfJ^^ + IC^rPS'^rfri") (A.7) 

Kf;^ = iH^/Hfr^'^r^'r^^Ba,. + lH*/HYr^^r^'A'^Pr^a,up 
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+lC*/''H*/r}''rj\''rid^,,p + {6H*/H*/ri''rj'B*'''^ 
-QH*/HYr]''A^PA''^ + QC*/''Hfr]''rfA^^ 

^CrPH^T^^T^^'^ + lCrC*/'r)''r)\'') 7^a,.px, (A.8) 

+lH*/HYH;''n^n'ri'^ri,^,„ (A.9) 

^?e/5/. = \HTHYH;PHtr^^r^S''Vd,.pX. (A.IO) 

The quantities (i^^'TS.,)^^^, (i^.V......)^^^, and are 

given by 

j^abaif ^ \e^'''>>^[{^AlAl-B;ijf)A'^^Ai + \[BY.B*X 

j^abcdf 1 -ixvpX \1 ( 1 /^* a , 1 AO- \ 1/^* R*<^ 

-l^eV^;4^1 vW, (A.12) 

^eg — 2-4!^ l2 \l5'"efJ.^g'^P>^^ + 20^ efj.iy'-^gpXV ^ ^en^gup^x) V 

-H:,H;, K4 - SS^")] ryVr^^, (A.13) 

Kff = (^C;:,,ry« + IHI^^AI) vVv'^f, (A.14) 

-i^^^Vb^^pX-H^Vbupx)]: (A. 16) 



+J^a^c ) + ^iiupX [VbaTK^c + ^bar^c ' ^^ba^c ) 

+rj,.,x {^C;,rCr - '^C;,HY) + ^B,,^C;,,HY] , (A.17) 
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WtlbaTK^c + ^bar^c ^d )\ > 



(A.18) 



^b,cde 



+C;.pxVb.r.HrH*/Hr] , (A.19) 



(TT p*C 



(A.21) 



^ab,d 



qb::h2,) 



(A.22) 



ab.de 



[2vr^ {^r {Hici^.v" + 
+QvrvirHrH:v] , (A.23) 



is:: 



ab,def 



-2e 



+Vr^VrH*d^H:^H}^n'^] , (A.24) 
K:b,def, = -e,.,xv7''Vbar..HrH*/H*/H;'r,'^. (A.25) 
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Next, we identify the various notations employed in formula (14.85 1) . The 

Lp- ^A,m\...mpi ^A,mi...mpi ^ Ac,m]_...nipi ^Aab,mi...mp: anu 

X^^, _ , with p = 0,3, can be written as 



polynomials Xf^^^^ 



a,m\...mpi 



XahB 
A 



^^M^a. (^^'PC'^^e^.pA - 2r/V^^J , (A.26) 



X 



abB 

A,mi 



^EZ^l^"' (^''C'^ + 2^'^-^") £^,,A, (A.27) 



A,mim2 



+i//X^r.V:4' (2A"\^C^ - r/VC^^') (A.28) 

vabB 1 TT*ii Tj*i> TT*p i/X^a b/^B ( \ qqN 



X 



abed 



(A.30) 



rfrfrfrf 



4! ^-"mi'-^Ap + \^mx ^ A + s'-'mi ^ A J ^pupX 

+ 1 [{CZX + ^HZyr) - 2HZVXB*^^'] vVv'e,.,x 
+\HZJXA'^'A'\Ye,,,x, (A.31) 



-yabcd 
A,m\m2 



— L ( H*P TT*y\/*p^ _|_ i7*p]t/A \ „a 

4! l^-"mi-"m2*^A + s'-^mi ^m2^AjV 



v''V^V'^£pupX 
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+\HZHZV^A^\Wv%.p>.. (A.32) 
Xtlm^m, = -^HZHZHZyh''rf'ri''r,'e,^,^, (A.33) 

vab 1 ( r'* r^a \aii,\ /~ih _a/37i5 1 /~(* rrflC'b ci^vpX 



6 

IxvpX 



+IHZVX {^B*^''Clpx + l^'^t^J. - A^^Cl^^) , (A.35) 

^A,mim2m3 ^ \HZ^HZH^^V^rfC^^^,p^^, (A.37) 

+^(V^7V-2l^XA-)r/X- 
-2VX {\r^*--P^ri' - 5*-M^") 

-^l-^^r^-r^X - iV:4"^'^'^^'''^cM.., (A.38) 
+ 1 (2i/XVa'^'' + C^^T^a) ^^V^p + ^,HZVln^r,'B,,^ 

- [{2Hz,vr + qt^a) - 2i/r.vi5*"^"] T^v^pA 

-IHZXaA'^' {v\cpup + 2A^\ep.pA) , (A.39) 
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+ lHZHZVi {v'^v'Vc.p - SA'^W^pa) , (A.40) 
Xt„ms = lHZHZHZVUv'Vc,.pX, (A.41) 

-^VXBaa^r],,pxe^'"'\ (A.42) 
+lHZVXvLpvt^e,^pX + \HZVlB,,.Vbap,5e'^^'\ (A.43) 

I ( OlI*f^ lJ*i' \/*P^ I r^*[pi^ lJ*p]'\/X\ rrP^f^^^ e 

^Aab,mim2 ~ g I '-'-"mi-"m2 ''^A "r "-^mi ^m2^ A I 'laaP'yS'lb '^pi'pX 

+\HZHZ,VXVa,.pVbafi,5e^^''', (A.44) 

-X Aab,mim2m3 — '^H Z^ AlaoiPlS'Hb ^p.i'pXi (A.45) 

+W^''V^,e^^''^Vaupx - ^V^^C^^B,^,, (A.46) 
= ^{HZCl''e''"'''-l'^CZ:V*^'''-^CZrV^^)C^na,.px 

-12 (2iJX\/*^'^^ + CZ^V^'^) [C'Va.up + ^C^^Va,upx) 

-AHZV^^ {QC^"Va,.p + V;^W75^"^^' + 2C^i?a;..) ,(A.47) 
-12HZ,HZ,V^'' {C'r^a^.p + 4C^^7y„^,,,) , (A.48) 
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Xa,^,m,ms = -"^^HZHZ^H^.V^C^ T^,,,,^. (A.49) 

The objecte^denoted by Xf^„^^^^, and X%^„^^^^, 

with p = 0, 2, read as 

_lyA,yBu (^C^PA^%,,x + V^,?^'^) , (A.50) 

^^^=^^^^A.^Sp ^^Cj^aX _ cCX^a^^ ^.^p^, (A.51) 

{2C*^^V^ + Vrv;'%.,x) v^vV, (A.53) 

+6//r,yj^y«M«^] r^^V,,, (A.54) 

Xltm.m. = ThHZHZVAVUvVe,.pX, (A.55) 

^AB,mi — ~T2\^mi^A ^ B + T^mi ^ A^ B ) ^ nvpX 

-^HZVXV^C;^^, (A.57) 

-^AB,mim2 ~ ~'^Hmi^m2^A^BC'lJ.vpX^ (A. 58) 
^ABa — V2^.\yAa^B^ ^^^A ^B J VaixupXV 
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-^VaVb {Ba.uV' + 3Va,upA'^) , (A.59) 
^ABa,mi ~ 12 [■"'mi^A ^ 4^mi ^A) ^B'lapLvpX'l 

+ TI^HZVXV^ {Va,.pv' - ^Vap.pxA"'^) , (A.60) 

■^ABa,mim2 ~ ~ TI^. B^miHm2^A^BVafiupXV^ ■ (A. 61) 

In the end of this section we hst the remaining type-X objects from fl4.85p . 
namely XABCD,m,...mp, X%c,m,...mp^ and X^^^ with p = O^T, as well as 



^ABCD- 



Xabcd = ^ {vrV^V^Co + IV^^VlV'cCl) (A.62) 

^ABCD^m^ = -^H'^^VXV^V^C dS nvpX, (A. 63) 

X^Bc = h {vrV^V^V^v' - IV^V^VSA'^'fj'^) e,.,x, (A.64) 

X^BCm, = ^HZVXV^V^v^ii'e,^,,, (A.65) 

^a""^ = -T2^*''^"^'''V''^Va,upX " V^^^^'^'^^'^a^.p, (A.66) 

^^mf = -^HZV^'^V^'V^'^ap.px. (A.67) 

XIbcd = -i^V^V^V^V^^'^e,,,^. (A.68) 



B Gauge generators of the deformed model 

From the terms of antighost number 1 present in (14.1111) we determine the 
deformed gauge generators that produce the deformed gauge transformations 
fl5.7l) - fl5.12l) . We added a supplementary index between parentheses to the 
gauge generators such as to distinguish among the fields to which the gauge 
generators are associated with. We list below only the nonvanishing genera- 
tors of the various fields, which read as: 



{Zai^)\ = -\Wab, (B.l) 
1 dMbcde .cv , (^fbde -i^u\ Adp 
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d(pa 



+ ~K Va V.,,. 

dcpa ^ d<Pa ^ 



+ 



d^Pa 



12 



d(Pa 



12 



d(Pa 



(B.2) 
(B.3) 



b 

a/37 



2 ^/^[«^/3^7] 
+ 1T 



A f ^fAc ^ TrA AC ^3ab t aAt/bA 



/i(A)/a/37 



-AM^^i^r, 



\^a{B))a, 



(Z^(y))a — ^faB^i^^ 
{Z^v{V))a = ^faB^i^u + Y^f^aBb/iu + ^^^ivpX {\ftbc^^'' + Qac^s) ^ 

{zUv))bx = £,.pA {5id^ - XftBA"" + A/^^y^^) . 



(B.4) 

(B.5) 

(B.6) 
(B.7) 

(B.8) 
(B.9) 
(B.IO) 
(B.ll) 
(B.12) 
(B.13) 
(B.14) 
(B.15) 
(B.16) 
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C Reducibility of the deformed gauge trans- 
formations 



From the terms of antighost number 2 in fl4.11ip that are simuhaneously 
hnear in the ghosts for ghosts and in the antifields of the ghosts we identify 
the first-order reducibihty functions for the coupled model as 



-4:4! W^"/37<5 [-Q^^A - ^^^A^ 

[zif)A = le^,px (^V^A^^ - l^V^V^) , (C.3) 



+ 3^/l'5r,5.^5;5l]VA., (C.4) 

= -^.e^^-^' II^aVbs, (C.6) 
= 5^9, - \f^j,Al + A/^^\/cm, (C.7) 
{Z^^^T/' = y^^pus'''^'\ (C.8) 

= -2Ae„^,,M'^^ (C.IO) 

The first-order reducibility relations of the coupled theory result from the 
components of (14.1111) with the antighost number equal to 2 that are simul- 
taneously linear in the ghosts for ghosts and quadratic in the antifields of the 
original fields, being expressed in De Witt condensed form as 



48 



l^a(B)JpA(Tl^e )b + l^a{B)Je i^pA )b + i"^ a{B) ) aK"^ a )b 

i/yAt!^ \p\(y{l)e\b \ ( Vt^^ Y ( '7{^)Mb 

(2:('B))Jx,(Zi'"'"')^ + (4Tb))?'(^m")^ + (Z.7b))b(Z?"')a 
(Z^,|V'))&(^i'>'')B + (Zi,v,)f + (Z^Kv))p>..(Zi"''*'')B 



y^pu{V))B{^a )a + [^tiu{V))e l^pA + l^/i!^(y) JpAa l^e )a 



i^piy{V))Bi^a^^)lp-f5 + (^/!l(V))e^(^pA'') 0/375 
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" 4! "^MM' '-'^^^ 



^aAB 



5S^ 



+ 



dg 



.aAB 



5S^ 



-V, 



BX 



(C.17) 



(^M(/f))pA 



A^e )b + K^rii 



l^pA )b 



fi{H))B 



a^2^1)B^al3'y 



(C.18) 



p(H). 



+ l^p(H)Je l^pA Ja/375 



+ (^p(//) 



6S^ 



+2Xe 



+ 



6B 



up 



Q2gbAB ^gL ^ Q^bAB ^gL 



:Vap + 



dl 



BX 



,(C.19) 



pupX 

6S^ 



'p{H) 



pA 



+ 



d'fb^A 



c 



6H^ \d(pad(p. 



d(Pa dipa 

p,2 BC 



'p(H)JpXo 

dfb\ SS^ yx 

' ^B 



dip a SB, 



bvp 



(C.20) 



The deformed gauge generators are given in flRlll -f lRTHl) and represents 
the deformed Lagrangian action flS.ip . 

The pieces of antighost number 3 from (14.1111) that are simuhaneously 
hnear in the ghosts for ghosts for ghosts and in the antifields of the ghosts 
for ghosts offer us the second-order reducibihty functions for the interacting 
model of the form 

(^(2)A^p^pA _ XfA^pypX^ ^q ^I) 
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)b 



gfA 



(C.22) 
(C.23) 



where 5*4 denotes the set of permutations of {1,2,3,4} and {—Y is the sig- 
nature of a given permutation vr. By means of the terms with the antighost 
number equal to 3 present in (14.1111) that are hnear in the ghosts for ghosts 
for ghosts and also quadratic in antifields we infer the second-order reducibil- 
ity relations for the interacting model in condensed De Witt form, which read 
as 



"Tl^ft lupXaK^b )a 



upX J a 



4!^ 



dfl5S^ 



(C.24) 



(C.25) 



iz^^JnAiz^'^'')^' + czih'rczfJ:)^' 



2> '^v'Jp^X 



SH'j \dipadipd 



A 



■V 



dp a 5B, 



cpX 



dpa 6Vf, 



(C.26) 



D Gauge algebra of the deformed model 

The nonvanishing commutators among the deformed gauge transformations 
f l5.7l) - fl5.12l) result from the terms quadratic in the ghosts with pure ghost 



51 



number 1 present in fl4.11ip . By analyzing these terms and taking into ac- 
count the expressions (lB.ip - (]B.16p . we deduce the following nonvanishing 
relations: 



(D.l) 



^(^Tm)c ^(^TrOc 

^ + y^a{A))b + [^m{B))b 



(D.2) 
(D.3) 



= X 

+ 



, idM,,^f,d,.df,if 



A vb\ {z:i^))f + (^^.rv^BA - fLAi) cz:Ib))\ 
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(D.4) 



(^e(<^))- 



{B)Jal3'y 



(S)/a/37 



{V))b- 



= A 



5y/ 



(D.6) 



/ rvm \b 



( rvva \c 

- [^a{A))a' 



1/37 



(D.7) 



\'^e{<p))b T- H [^a{V))b TTTg l^m(B)jA 



<7£ 

m 



AA^^(^r(B))^ + |^"^'''^^p^(^r(B))ea/3, (D.8) 



(^e(<^))' 



+ iZa{V))b {Ze{ip))c 



5(pe 



(D.9) 



+ iZaiA))b 



5A^ 



{Zm{B))b 



53 



Sipe 



+ l^o-(y)J& TTTs T \'^ae{V))b \^e{^)) 



~{Zue{V)) 



dMt 



dip, 



dap 



a BC 

"^^'^ v^vS 



dcpe 



d(pr, 



9bc 



(D.IO) 



SiZ^HV}^b 



l^cr(A)Ja/37 ^j^rn K^m{B))aP^ ^^^^ {^<T6{V))a/3j ^yB 



= A 



dM^d ,d 



41 ^ixupX^aafi'y'^ 



5 if, 



ae{V))c 



8V^ 



ere '\a 
miB))c 



(D.ll) 
(D.12) 



b ^('^Mi/(y))a'/3'7' 



(A); a/37" 



Vz/(y)M '/3V 



/ ym \c 



^( ^M'^(y))a/37 



54 



2 d(p 



(D.13) 



I fyue \ A 



{A))b- 



5A^ 



Te[V))B ^yc 



■C 



rje 



dfi 

~^JbB\'^^lv{V))M 



, X^aPpX^UbMB^rM ( ivA \ 



(D.14) 



'5(^,V))c 



-(Zeiip)) 



KZl^H))b 



KZl^H))b 



5Al 



{Km) 



KZl^H))b 



\^m{B))c rrj^, [^a(V))c ryA \^ae{V))c ryA 

" m " '^(T " ere 



d(p 



bcdl^d-y _^ bcf y^ I ^fS 



5S^ 



5H^ 



dcpmdip 



{z;^H))f + {g^VBx - fZA'x) {z; 

/ fi2 AB 
be TD lie- I ^bc 

1 a^Mi 



^'^fb^d yPj^dX _ 1 ^^-'fecde j^ip j^^X 



fiupX 



diprndifa 
bcd-s/u 1 '-'^'^^bcde 



SBdpX V dlfa ^ 



d^Pa 



A' 



1^ ^B 



dMt 5S^ 



dipa 5A'^^' 



(D.15) 
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JZ, + \^a{A))b JJ^ + K^m{B))l 



a/37 / lym \ c 



" m 



+KbizM 



6H^ 



hd j^l I 1 "^^/Ife yA 



(D.16) 



(^e(<^)), 



( ym \a/3 ( yae \ a/3 

K^a{H))c \^m{B))c 



(yA Na/3^^^M(^ 



= A 



dWb. 



be / r^a \ afj 



(D.17) 



/ rym \b 
K'^a{A))a, 



"2 Q ^ £5af}-(££a'(3'-f'[^n(H) ep\ 



(D.18) 



(^e(<^)), 



5ip, ^ ^^<A))b^^ + l^a(y)J6 ^yc 
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ere a m 

— ~'^JbBy^ii{H))M + 2^ % {^ti{H))eal3 
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